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Acoustic interaction forces between small particles in an ideal fluid
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We present a theoretical expression for the acoustic interaction force between small spherical
particles suspended in an ideal fluid exposed to an external acoustic wave. The acoustic interaction
force is the part of the acoustic radiation force on one given particle involving the scattered waves
from the other particles. The particles, either compressible liquid droplets or elastic microspheres,
are considered to be much smaller than the acoustic wavelength. In this so-called Rayleigh limit,
the acoustic interaction forces between the particles are well approximated by gradients of pair-
interaction potentials with no restriction on the inter-particle distance. The theory is applied to
studies of the acoustic interaction force on a particle suspension in either standing or traveling plane
waves. The results show aggregation regions along the wave propagation direction, while particles
may attract or repel each other in the transverse direction. In addition, a mean-field approximation
is developed to describe the acoustic interaction force in an emulsion of oil droplets in water.
PACS numbers: 43.25.Qp, 47.35.Rs, 43.25.+y, 47.15.-x
I. INTRODUCTION
Techniques relying on acoustofluidic forces, such as
acoustic radiation force and streaming, are currently used
in many different ways to handle suspended cells, mi-
croparticles and fluids non-intrusively and label-free in
microfluidic setups such as separation, trapping, and
sorting of cells, particle manipulation, as well as gener-
ation and control of fluid motion [1–3]. Experimentally,
ultrasound waves emitted into a particle suspension give
rise to acoustic streaming of the carrier fluid, and are
responsible for the two acoustofluidic forces driving the
acoustophoretic motion of the suspended particles: the
acoustic radiation force and the Stokes drag force from
acoustic streaming. The theoretical description of these
complex, non-linear acoustic effects is not yet complete,
and in this paper we develop the theory of the acoustic
radiation force, which dominates the motion of the larger
microparticles [4].
Concerning the radiation force exerted on a single par-
ticle, the so-called primary radiation force F rad, recent
studies by Doinikov [5], Danilov and Mironov [6], as well
as Settnes and Bruus [7] have advanced the theoretical
treatment beyond the seminal contributions by King [8],
Yosioka and Kawasima [9], and Gorkov [10]. The main
improvement found in these recent studies is the intro-
duction of thermoviscous effects in both the incident ul-
trasound waves and in the scattered wave from the par-
ticle. However, in a particle suspension exposed to an
external acoustic wave, a secondary radiation force ap-
pears, the so-called acoustic interaction force F radint . For
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a given particle, the acoustic interaction force is caused
by the scattered waves from the other particles. Inves-
tigations on this force dates back to the nineteenth cen-
tury, when Bjerknes studied the mutual force between
a pair of bubbles [11], and the analysis performed by
Ko¨nig on the acoustic interaction force between two rigid
spheres [12]. Subsequently, this force was investigated
considering short-range interaction between particles of
the types rigid-rigid [13, 14], bubble-bubble [15, 16],
bubble-rigid [17], and bubble-droplet [18]; whereas long-
range rigid-rigid [19] and bubble-bubble [20, 21] inter-
actions have also been studied. The acoustic interaction
force between two droplets aligned relative to an incident
plane wave with arbitrary inter-particle distance was also
analyzed [22]. Moreover, bubble-bubble interaction at
any separation distance has also been analyzed through
a semi-numerical scheme based on the partial-wave ex-
pansion method and the translational addition theorem
of spherical functions [23].
The current literature on the acoustic interaction force
lacks an investigation on a suspension composed of com-
pressional fluid droplets or solid elastic particles without
any restriction on the inter-particle distances. These kind
of particles are often used in experiments on acoustoflu-
idics, acoustical tweezers, and demulsification of particle-
water mixtures by ultrasound. It is our goal here to
provide an analytical expression for the acoustic inter-
action force between suspended droplets or solid elastic
microparticles in an inviscid fluid. The proposed method,
which takes the form of a scalar potential theory for the
acoustic interaction force, extends the single-particle ra-
diation force theory developed by Gorkov [10] to include
re-scattering events between particles in the suspension.
The method is applied to various examples of the acous-
tic interaction force in the case of either a standing or
a traveling external plane wave, and a mean-field theory
2is proposed and applied to compute the acoustic interac-
tion force between the drops in an emulsion of oil drops
in water.
II. THEORY
The linear wave theory for the acoustic fields in an
unbounded, isotropic fluid of density ρ0 and isentropic
compressibility κ0 = 1/(ρ0c
2
0 ), where c0 is the adia-
batic sound velocity in the fluid, is standard textbook
material [24–26]. We neglect the viscous dissipation of
the acoustic field in the particle suspension, which is a
good approximation for particle radii much larger than
the width of the viscous boundary layer [7] and for fre-
quencies much lower than hypersound frequencies (below
GHz for water). Consequently, a time-harmonic acoustic
wave can be described by the velocity potential Φ(r, t),
where r is postion and t is time, in terms of a complex-
valued phase factor e−iωt, where ω is the angular wave
frequency, and an amplitude function φ(r), which satis-
fies the Helmholtz wave equation,
Φ(r, t) = φ(r) e−iωt, (1a)
∇2φ(r) = −k2 φ(r), with k =
ω
c0
. (1b)
In terms of the potential φ(r), the amplitude function of
the pressure p(r), the density ρ(r), and the velocity v(r)
are given by
p(r) = iωρ0 φ(r), (2a)
ρ(r) = i
ωρ0
c 20
φ(r), (2b)
v(r) =∇φ(r). (2c)
In the following we outline some fundamental concepts
of acoustic scattering and radiation forces on small par-
ticles suspended in the fluid.
A. Single-particle scattering in the Rayleigh limit
Consider a monochromatic acoustic wave represented
by the velocity potential amplitude φin(r) incident on
and scattering off a small spherical particle suspended in
the medium. The scattered wave adds to acoustic wave
incident on any other particle in the suspension, so the
first particle acts as a source of additional acoustic radi-
ation forces felt by the other particles in the suspension.
All physical quantities related to this source particle are
marked by the subscript ”s” such as particle radius as,
density ρs, isentropic compressibility κs, and center po-
sition rs, as sketched in Fig. 1. At any given probe po-
sition rp, the outgoing scattered wave from the source
particle is represented by the velocity potential ampli-
tude function φsc(rp|rs), where subscript ”p” here and
in the following relates to the probe. Throughout this
r
p −
r
s
φsc(rp|rs)
λ
FIG. 1. (Color online) Sketch of the external incident wave
(straight lines) scattering by suspended small spherical parti-
cles with radii as ≪ λ. The scattered wave φsc(rp|rs) from a
source particle located at rs (black sphere), which is probed
at the position rp, is illustrated by dashed arches.
work, we only consider the so-called Rayleigh scattering
limit kas ≪ 1. We also assume ideal scattering bound-
ary conditions, i.e. total absorption without reflection of
any scattered waves at infinity. In this limit, the acous-
tic scattering is dominated by the monopole and dipole
scattering, and the scattered wave is given by [27],
φsc(rp|rs) = if0,s
a3sω
3ρ0
ρin(rs) e
ikRps
Rps
− f1,s
a3s
2
∇p ·
[
vin(rs) e
ikRps
Rps
]
+O
[
(kas)
5
(kRps)3
]
,
(3)
where Rps = |rp − rs|, ∇p is nabla acting on rp,
and terms of the order (kas)
5/(kRps)
3 arise from the
quadrupolar scattering [28]. The monopole and dipole
scattering factors f0,s and f1,s of the source particle are
given in terms of the density ratio ρ˜s = ρs/ρ0 and the
compressibility ratio κ˜s = κs/κ0 as follows [9, 10],
f0,s = 1− κ˜, (4a)
f1,s =
2(ρ˜s − 1)
2ρ˜s + 1
. (4b)
For the analysis of the higher-order scattering, it is
useful to introduce the scattering parameters ǫs and ǫp
as well as the dimensionless probe-source distance xps,
ǫs = kas, ǫp = kap, xps = kRps. (5)
This together with Eqs. (2b) and (2c), can be used to
rewrite Eq. (3) in terms of a scattering operator acting
on the incident wave φin(rs) as
φsc(rp|rs) = −ǫ
3
s
eixps
xps
[
f0,s
3
+
if1,s
2
(
1+
i
xps
)
∂xps
]
φin(rs)
+O
(
ǫ˜s
5
)
, (6)
3where ǫ˜s = ǫs/x
3/5
ps . Note that Rps ∼ as implies xps ∼ ǫs,
and thus φsc(rp|rs) = O(ǫs) for probes near the source.
B. Single-particle radiation force
Once the scattering velocity potential in Eq. (6) is
known, the resulting acoustic radiation force acting on
a suspended probe particle of radius ap and scattering
coefficients f0,p and f1,p placed at rp can be calculated
in standard manners using second-order time-averaged
perturbation theory in the pressure or the particle veloc-
ity amplitude [7, 9, 10]. In the Rayleigh scattering limit
for any incident acoustic wave φin(r), except plane trav-
eling waves, the radiation force F rad(rp) is a gradient of
a potential U given by
F
rad(rp) = −∇pU(rp), (7a)
U(rp) = −
ǫ3pπρ0
k
[
f0,p
3
∣∣∣φin(rp)∣∣∣2− f1,p2
∣∣∣∇˜pφin(rp)∣∣∣2
]
+O
(
ǫ˜p
5
)
, (7b)
where ∇˜p = (1/k)∇p is the dimensionless nabla opera-
tor convenient to use when calculating derivatives of the
velocity potential.
C. Scattering in a suspension of particles
We now consider a specific configuration S of N spher-
ical particles arbitrarily placed at the positions rs for
s = 1, 2, 3, . . . , N . The particle at position rs has the
monopole and dipole scattering coefficients f0,s and f1,s,
respectively, as well as radius as. All particles are as-
sumed to have expansion parameters ǫs = kas ≪ 1.
An external incident wave with velocity potential φext
hits the N -particle suspension and multiple-scattering
processes occurs. The resulting acoustic field φin(rp) in-
cident at the probe position rp can thus be written as
φin(rp) = φext(rp) + φmsc(rp|S ), (8)
where φmsc(rp|S ) is that part of the acoustic field at
position rp that is caused by prior multi-scattering events
at one or more particles in the configuration S .
In the Rayleigh limit, the multi-scattering contribution
to the acoustic wave φin(rp) incident at the probe point
rp is dominated by scattering waves having undergone
only a single prior scattering event at some source point
rs different from rp, that is s 6= p. To lowest scatter-
ing order, the multiple-scattering part φmsc(rp|S ) of the
incident wave at rp can thus be written as
φmsc(rp|S ) =
∑
rs∈S
′
φsc(rp|rs) +O(ǫ˜
6). (9)
Here, the primed summation means that the sum is per-
formed in all suspended particles except s = p, and the
expansion parameter is ǫ˜ = maxs
{
ǫ˜
}
.
D. The acoustic interaction force
When the particle interaction is taken into account
through the scattered waves, the radiation force can be
written as the sum of contributions from the unper-
turbed external field φext(rp) and from the configuration-
dependent interaction field, which involves terms like
φ∗ext(rp)φmsc(rp|S ). By substituting Eq. (8) into Eq. (7b)
we find
F
rad(rp) = F
rad
ext (rp) + F
rad
int (rp|S ). (10a)
The radiation force F
rad
ext (rp) from the external field cor-
responds to φin = φext in Eq. (7b),
F
rad
ext (rp) = −ǫ
3
pπρ0∇˜p
[
f0,p
3
∣∣∣φext(rp)∣∣∣2
−
f1,p
2
∣∣∣∇˜pφext(rp)∣∣∣2
]
+O
(
ǫ˜p
5
)
. (10b)
It follows that the configuration-dependent acoustic in-
teraction force can be expressed as a gradient force,
F
rad
int (rp|S ) = −∇p
∑
S
′
U(rp|rs) +O
(
ǫ˜p
5
)
. (10c)
For given probe and source positions rp and rs the pair-
interaction potential is
U(rp|rs) =
πǫ3p ρ0
k
Re
[2f0,p
3
φ∗ext(rp)φsc(rp|rs)
− f1,p∇˜pφ
∗
ext(rp) · ∇˜pφsc(rp|rs)
]
. (11)
The potential depends on a particle volume product a3pa
3
s,
and on scattering factors like fi,pfi,s with i = 0, 1. It is
clear that the acoustic interaction force has the same de-
pendence on these parameters. Note further that the
potential U(rp|rs) is not necessarily symmetric with re-
spect to its indices. Thus, the acoustic interaction force
may not be symmetric either.
We now move on to analyze to which order in ǫp the
acoustic interaction force contributes to the total radi-
ation force. To ensure consistent approximations, this
contribution must appear with a smaller order in ǫp than
the quadrupole ǫ˜p
5-contribution given in Eq. (7b). The
pair-interaction approximation is more dominant when
the dimensionless probe-source distance xps is small, sat-
isfying k(ap + as) ≤ xps < 1. Combining Eq. (11) and
Eq. (10c), one can show that the leading contribution to
the interaction force is
∣∣F radint ∣∣ ∼ ∣∣∣[∇˜pφ∗ext(rp) · ∇˜p] ∇˜pφsc(rp|rs)∣∣∣ ∼ ǫ3px4ps .
(12)
We may express xps in terms of the scattering parameter
of the probe particle as xps = γǫp, where γ > 1 + as/ap.
Therefore, |F radint | = O[γ
−4ǫ−1p ]. Comparing the leading
4term in the acoustic interaction force with the quadrupole
correction in Eq. (7b), we find that consistent approxima-
tions are obtained, given that γ−4ǫ−1p ≫ ǫ˜p
5 or that γ is
restricted to the limited range 1+ as/ap < γ ≪ ǫ
−3
p . For
example, if ǫp = 0.1 then γ ≪ 1000, otherwise the acous-
tic interaction force magnitude becomes comparable to
the quadrupole correction, which was already neglected
in the radiation force expression given in Eq. (7a).
III. EXAMPLES OF THE
ACOUSTIC PAIR-INTERACTION FORCE
The acoustic interaction force exerted on a probe by a
single source particle will be determined considering the
interaction potential in Eq. (11) for an external plane
traveling and standing wave. The source particle is at
the origin of the coordinate system rs = 0, while the
probe particle is at any other position rp = r = rer.
Furthermore, the shorthand notation U(r) = U(r|0) and
F
rad
int (r) = F
rad
int (r|0) will be used.
A. Traveling plane wave
Consider an external plane wave propagating along the
z-axis. The velocity potential amplitude of this wave is
φext(z) =
v0
k
eikz, (13)
where v0 is the magnitude of the particle velocity.
The pair-interaction potential is calculated by substi-
tuting Eq. (13) into Eq. (6). Thus, inserting the ob-
tained result into Eq. (11), we find in spherical coordi-
nates (r, θ, ϕ) that
U(r, θ) =
πE0k
2a3pa
3
s
r
[
cos
[
kr(1 − cos θ)
] (3f1,pf1,s(1 − 3 cos2 θ) + f0,pf1,s cos θ
3kr
+
6f1,pf0,s cos θ − 2f0,pf0,s
9
)
+ sin
[
kr(1 − cos θ)
] (f1,pf1,s(3 cos2 θ − 1)
(kr)2
−
2f1,pf0,s cos θ
3kr
− f1,pf1,s cos
2 θ +
f0,pf1,s cos θ
3
)]
, (14)
where E0 = ρ0v
2
0/2 is the characteristic energy density of
the external traveling plane wave. Below we study two
special cases of this expression, and in this context it is
useful to introduce the compression and density interac-
tion potential strengths, U0 and U1, respectively,
U0 =
2π
9
E0k
3a3pa
3
s f0,pf0,s, (15a)
U1 = π E0k
3a3pa
3
s f1,pf1,s. (15b)
As the first special case, we reproduce the seminal re-
sult for the secondary Bjerknes force between two bub-
bles, for which it is assumed that the external wave fre-
quency is much smaller than the resonance frequency
of the bubbles. Since for gas bubbles f0 ≈ −10
5 and
f1 ≈ −2, and because kr > kas ≈ 10
−3 implies that
f0 ≫ f1/(kr), only the term involving f0,pf0,s is relevant
in Eq. (14), and we arrive at at U and F radint = −∇U ,
U(r, θ) = −U0
cos
[
kr(1 − cos θ)
]
kr
, (16a)
F
rad
int (r, θ) = −kU0
[
sin
[
kr(1− cos θ)
]
sin θ
kr
eθ (16b)
+
cos
[
kr(1−cos θ)
]
+kr sin
[
kr(1−cos θ)
]
(1−cos θ)
(kr)2
er
]
≈ −
kU0
(kr)2
er = −
2πE0k
2a3pa
3
sκpκs
9κ20r
2
er, kr ≪ 1, (16c)
where the latter is the secondary Bjerknes force in the
short-range limit as derived by Zheng and Apfel [22].
As the second special case, we consider the acoustic in-
teraction between particles collected, say, by the primary
acoustic force, in the transverse plane (θ = π/2). Since
the phase of the external wave does not change in the
transverse plane, the angular dependence drops out of
Eq. (14) in this special case, and only the radial distance
̺ =
√
x2 + y2 in the transverse plane and the associated
in-plane radial unit vector e̺ play a role in the following.
The potential U becomes
U(̺) = U0 n0(k̺)− U1
j1(k̺)
k̺
, (17a)
where n0(x) = − cos(x)/x is the zero-order spherical
Neumann function and j1(x) = sin(x)/x
2 − cos(x)/x is
the first-order spherical Bessel function. In the short
range limit k̺≪ 1, minus the gradient of Eq. (17a) gives
F
rad
int (̺) = −kU0
[
1
(k̺)2
+O(1)
]
e̺, k̺≪ 1, (17b)
which depends quadratically on both the inverse inter-
particle distance and on the frequency, and which is an-
tisymmetric F radint (rp|rs) = −F
rad
int (rs|rp). In the long-
range linit k̺ ≫ 1, the acoustic interaction force in the
5transverse plane is
F
rad
int (̺) = −kU0
[
sin(k̺)
k̺
+O
(
[k̺]−2
)]
, k̺≫ 1.
(17c)
This result has been previous obtained by Zhuk for the
interaction of two rigid particles (f0,s = f0,p = 1) [19].
Note that the acoustic interaction force decays with the
inter-particle distance, but that it oscillates in space with
two consecutive zeros separated by a half wavelength of
the external plane traveling wave. It should be noticed
that the only mechanical property that affects the acous-
tic interaction force on both short-range and long-range
limits is the compressibility of the particles.
B. Standing plane wave
Now, consider the case, where the external incident
wave is a standing plane wave defined by the potential
φext(z) =
v0
k
sin
[
k(z − h)
]
, (18)
where h is the distance from the first wave node to the
origin of the coordinate system. A particle exposed to
such a wave will be collected in the potential node if the
scattering coefficients satisfy 2f0,p < −3f1,p and in the
potential antinode if 2f0,p > −3f1,p.
We calculate the interaction potential by inserting
Eqs. (6) and (18) into Eq. (11). Accordingly, we obtain
U(r, θ) =
πE0k
2a3pa
3
s
r
×
{
sin[k(r cos θ − h)]
[
2f0,pf1,s cos(kh) cos θ
sin(kr)
3kr
+
(
4
9
f0,pf0,s sin(kh)−
2
3
f0,pf1,s cos(kh) cos θ
)
cos(kr)
]
+ cos[k(r cos θ − h)]
[
f1,pf1,s cos(kh)(3 cos
2 θ − 1)
sin(kr)
(kr)2
+
(
2
3
f1,pf0,s sin(kh) cos θ + f1,pf1,s cos(kh)
− 3f1,pf1,s cos(kh) cos
2 θ
)
cos kr
kr
+
[
2
3
f1,pf0,s sin(kh)− f1,pf1,s cos(kh) cos θ
]
cos θ
sin(kr)
kr
]}
. (19)
As above and using a similar analysis, we first study
the acoustic interaction force between two air bubbles.
The force is given by minus the gradient of Eq. (19) con-
sidering only the term containing f0,pf0,s, and we arrive
at the secondary Bjerknes force in a standing plane wave,
F
rad
int (r) ≈ −
2πE0k
2a3pa
3
sκpκs
9κ20r
2
sin2(kh)er, kr≪ 1. (20)
This is equivalent to the result obtained by Zheng and
Apfel [22].
Next, we focus on the acoustic interaction force be-
tween particles in the transverse plane defined by θ =
π/2. In this special case, Eq. (19) reduces to
U
(
r,
π
2
)
= 2U0 sin
2(kh)n0(kr)− U1 cos
2(kh)
j1(kr)
kr
.
(21)
We note that this interaction potential only depends on
distance between the source and the probe, and conse-
quently, the acoustic interaction force between particles
in the transverse plane is antisymmetric with respect to
the probe and the source particles.
According to whether a given set of particles are col-
lected in either the nodal or the antinodal planes of the
standing wave, we can choose to let the transverse plane
coincide with a nodal plane by setting kh = 0, in which
case all sin(kh)-terms vanish in Eq. (21), and with an
antinodal plane by kh = π/2, in which case all cos(kh)-
terms vanish.
Thus, from the gradient of U in Eq. (21) we obtain the
acoustic interaction force between particles in the nodal
plane (kh = 0) in the short-range limit k̺≪ 1 to be
F
rad
int (̺) = −
1
15
kU1
[
k̺+O
(
[k̺]3
)]
e̺, (22a)
which has a strong fifth-power frequency dependence and
a linear dependence on the inter-particle distance. Only
the density scattering factors and not the compressibility
factors enters. In the long-range limit k̺ ≫ 1 for the
nodal plane, the acoustic interaction force is
F
rad
int (̺) = kU1
[
sin(k̺)
(k̺)2
+O
(
[k̺]−4
)]
e̺, (22b)
which has an oscillatory behavior with half an external
wavelength distance between two consecutive zeros, while
it decays with the inverse-square of the inter-particle dis-
tance. It depends quadratically on the frequency and
only the density scattering factors, and not the compress-
ibility factors, appear.
Similarly, in the antinodal plane (kh = π/2), the short-
range limit k̺≪ 1 of the acoustic interaction force is
F
rad
int (̺) = −2kU0
[
1
(k̺)2
+O(1)
]
e̺, (23a)
6while the long-distance limit k̺≫ 1 is
F
rad
int (̺) = −2kU0
sin(k̺)
k̺
e̺. (23b)
We note that in the antinodal plane only the compress-
ibility scattering factors appear.
IV. MEAN-FIELD APPROXIMATION
Going beyond the simple two-particle problem, we now
derive an analytical expression for the acoustic interac-
tion force between a probe particle and the particles sur-
rounding it in a homogeneous particle suspension. In
Section II C we considered N particles with positions rs
in a given configuration S in a suspension of volume V .
Using Dirac’s delta function δ(r), we can formally rewrite
the sum U over pair-potentials U as an integral,
U(rp) =
∑
rs∈S
′
U(rp|rs) =
∫
V
U(rp|r) n(r) dr, (24a)
n(r) =
∑
rs∈S
′
δ(r − rs), (24b)
where n(r) can be interpreted as the particle concen-
tration field. In a mean-field approximation, n(r) is
smoothened, such that the number dN of particles parti-
cles in a small volume dr at any given position r is given
by dN = n(r) dr. For a homogeneous suspension, we
have n(r) ≈ N/V , and the interaction potential U(rp)
experienced by the probe particle is well approximated
by
U(rp) ≈
N
V
∫
V
U(rp|r) dr. (25)
This mean-field approximation is expected to improve for
an increasing number of source particles per volume.
To illustrate the mean-field approximation in the
acoustic interaction force problem, we assume that the
source particles are uniformly distributed within a circu-
lar region of radius R and thickness 2as at the antinodal
plane (the xy-plane) of the external standing plane wave
Eq. (18). The volume occupied by the particle distribu-
tion is thus V = 2πR2as. The probe particle is placed at
the origin of the coordinate system, while the center of
the disk-shaped source-particle region is displaced back-
wards along what is defined to be the x-axis to the posi-
tion −rp ex. With this configuration and using Eq. (21),
the pair-interaction potential U(rp|rs) becomes
U(rp|rs) = −2U0
cos krs
krs
, with rp = 0, (26)
while the limits of the integration region V in the ex-
pression (24b) for the total interaction potential requires
some analysis. Using the cylindrical polar coordinates
(r, ϕ, z) for the source position rs, we find that in the di-
rection ϕ, a source particle can at most be at the distance
R′(ϕ) from the probe particle,
R′(ϕ) =
√
R2 − x2p sin
2 ϕ− rp cosϕ. (27)
The total interaction potential U having a strength of
U0 = 2NU0/π for the probe particle at rp = 0, becomes
U(rp) = −
2NU0
πR2(2as)
∫ 2π
0
dϕ
∫ as
−as
dz
∫ R′(ϕ)
0
dr r
cos(kr)
kr
= −U0
∫ 2π
0
dϕ sin
[
kR′(ϕ)
]
, U0 = U0
2N
π
. (28)
For an arbitrary position rp of the probe particle rela-
tive to the center of the source-particle region, this in-
tegral can be evaluated numerically. However, for small
displacements rp ≪ R, we can obtain an analytical ex-
pression by Taylor expanding the integrand,
sin
[
kR′(ϕ)
]
≈ sin kR− krp cosϕ cos kR (29)
−
sin2 ϕ cos kR+ kR cos2 ϕ sin kR
2kR
(krp)
2,
which upon insertion into Eq. (28) leads to
U(rp) =− U0
[
sinkR
(kR)2
−
(
sinkR
(kR)2
+
cos kR
(kR)3
)
(krp)
2
4
]
+O
[
(krp)
4
]
. (30)
By taking minus the gradient −∇p = −er∂/∂rp relative
to the probe position, we determine the acoustic interac-
tion force on the probe particle to be
F
int
rad(rp) = −
kU0
2
[
sinkR
(kR)2
+
cos kR
(kR)3
]
krp +O
[
(krp)
3
]
.
(31)
We note that, as expected, the interaction force is zero in
the case rp = 0, where the source particles are symmet-
rically distributed around the probe particle. Moreover,
the interaction force tends to zero in the limit kR≫ 1 for
fixed krp, a fact that can be explained by the decreasing
degree of asymmetry in the source particles character-
ized by the decreasing ratio rp/R. We also note that if
the sign of the compressibility factors f0,p and f0,s are
the same, the symmetric position rp = 0 is a stable equi-
librium point if cos kR + kR sin kR > 0, in which case
the particles will be attracted to the center of the source
region. Finally, we note that the frequency dependence
of the interaction force is governed by the trigonomet-
ric factors. In the case of a small disk region, kR ≪ 1,
we have that (cos kR)/(kR)3 ≈ (kR)−3 dominates. Con-
sequently, in this case the acoustic interaction force de-
pends on the wavenumber as k2 and thus quadratically
with frequency.
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FIG. 2. (Color online) The acoustic interaction pair potential U(rp|0) [Eq. (14), contours] and force F
rad
int (rp|0) = −∇U [arrows]
between a pair of identical 12-µm particles induced by the traveling plane wave (TPW) Eq. (13), with the source particle located
at the origin, rs = 0, for kr > 0.2. (a) Silicone oil droplets (oil-oil), with the probe rp = (x, y, 0) in the transverse xy-plane.
(b) Same as (a) but for polystyrene microparticles (ps-ps). (c) Same as (a), but with the probe rp = (x, 0, z) in the parallel
xz-plane (oil-oil). (d) Same as (b), but with the probe rp = (x, 0, z) in the parallel xz-plane (ps-ps).
V. RESULTS AND DISCUSSION
In this section, based on direct numerical evaluations
of U(r|0) in Eqs. (14) and (19) for a traveling and stand-
ing place wave, respectively, we calculate the acoustic
interaction force between a pair of silicone oil droplets
and a pair of polystyrene microparticles suspended in wa-
ter at room temperature. The water is characterized by
its density ρ0 = 1000 kg/m
3 and speed of sound c0 =
1500m/s. Using the material parameters of Ref. [29],
the scattering factors f0 and f1 defined in Eq. (4) are
found to be (f0, f1) = (−0.08, 0.07) for silicone oil and
(f0, f1) = (0.46, 0.038) for polystyrene. For the external
wave, we choose the following typical parameter values
from actual acoustophoresis experiments [30]: frequency
ω/(2π) = 2MHz, wavenumber k = 8378 m−1, and en-
ergy density E0 = 10 J/m
3. The microparticle radius is
ap = as = 12 µm, so we obtain kas = kap = 0.1. Below,
the source particle is positioned at rs = 0, whereas the
probe is placed at any position in space, rp = r.
We compute the acoustic interaction force F radint due
to an external traveling wave or an standing wave plane,
from the pair potential U(r|0) in Eqs. (14) and (19),
respectively, as F radint = −∇U(r|0) using Mathematica
software [31]. The probe position rp is presented in the
scaled Cartesian coordinates krp = (kx, ky, kz).
A. Particle pairs in a traveling plane wave
In Fig. 2, we show the pair potential U(r|0) (contour
plot) and the corresponding radiation force F radint (arrows)
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FIG. 3. (Color online) The acoustic interaction pair potential U(rp|0) [Eq. (19), contours] and force F
rad
int (rp|0) = −∇U
[arrows] between a pair of identical 12-µm particles induced by the standing plane wave (SPW) Eq. (18) with kh = pi/2 and
the source particle located at the origin, rs = 0 for kr > 0.2. (a) Silicone oil droplets (oil-oil), with the probe rp = (x, y, 0)
in the transverse xy-plane. (b) Same as (a) but for polystyrene microparticles (ps-ps). (c) Same as (a), but with the probe
rp = (x, 0, z) in the parallel xz-plane (oil-oil). (d) Same as (b), but with the probe rp = (x, 0, z) in the parallel xz-plane (ps-ps).
induced by the external traveling plane wave Eq. (13)
propagating along the z-axis for a pair of oil micro-
droplets and a pair of polystyrene microparticles, respec-
tively. In the (transverse) xy-plane Fig. 2(a) and (b), the
acoustic interaction force is central and also attractive in
the region kr < 2 for both situations. The force is central
because the microparticles directly interact through their
scattered waves. Note that in the short-range distance,
the acoustic interaction force is about −U/ap. Hence,
the force magnitude on the oil and the polystyrene probe
microparticles is less than 1.6 nN and 18 nN, respectively.
In the (parallel) xz-plane Fig. 2(c) and (d), the situation
is different. The acoustic interaction force is not central
force, because the scattered waves interact with the ex-
ternal waves whose phase varies along the z-axis. Most
of the potential variation occurs in the backscattering di-
rection of the source microparticle kz < 0. This happens
because in the Rayleigh scattering most of the incident
plane traveling wave is backscattered [25]. Note that the
potential forms attractive islands for the probe micropar-
ticles at kz = −2.5 and kz ∼ 0. The magnitude of F radint
between the oil and the polystyrene probe microparticles
is less than 4.1 nN and 23 nN, respectively.
B. Particle pairs in a standing plane wave
In Fig. 3, we show the pair potential U(r|0) (con-
tour plot) and the corresponding radiation force F radint
(arrows) induced by the external standing plane wave
Eq. (18) along the z-axis with kh = π/2 resulting in
an antinode in the transverse xy-plane for a pair of oil
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FIG. 4. (Color online) Same as Fig. 3(a) and (c), but with
two different particles (oil-ps): a 12-µm silicone oil droplet as
the probe particle at rp = r and a 12-µm polystyrene particle
as the source particle at r = 0.
microdroplets and a pair of polystyrene microparticles,
respectively. For both particle pairs, the primary radi-
ation force focus particles in the antinodal plane as dis-
cussed in Sec. III B In the transverse xy-plane Fig. 3(a)
and (b), the acoustic interaction force is attractive when
kr < 5 for the oil microdroplets and when kr < 2 for
the polystyrene microparticles. In the parallel plane, en-
ergy potential wells are formed around kz = 0 and ±3.6
for the polystyrene particles. In these regions, the probe
microparticles might be trapped. In both situations, the
interaction is attractive in the vicinity of the source mi-
croparticle. The magnitude of F radint between the oil and
the polystyrene probe microparticles is less than 1.0 nN
and 17 nN, respectively.
For the same standing plane wave, we present in Fig. 4
the acoustic interaction force between two different par-
ticles, a polystyrene source and a silicone oil probe. In
the transverse xy-plane Fig. 4(a), the acoustic interac-
tion force is repulsive in a region kr < 2, while outside
this region, the force becomes mostly attractive. The ra-
diation force magnitude is less than 5 nN. In the parallel
xz-plane Fig. 4(b), the main role of the acoustic inter-
action force is to be repulsive in the region kx < 1 and
kz < 1.5.
C. Emulsion of oil droplets in water
As a last numerical example, we consider the multi-
particle system comprising an emulsion of soybean oil
droplets of radius as = 12 µm in water. The scattering
factors are f0,s = −0.11 and f1,s = −0.06 [32], so ac-
cording to Sec. III B, the oil microdroplets will collect
in a node when exposed to a standing plane wave. We
therefore study the effects of such a wave described by
Eq. (18) with kh = 0 droplets initially uniformly dis-
tributed in the transverse (nodal) xy-plane in a circu-
lar disk-shaped region of radius R = 5mm and thick-
ness 2as. The mean interdroplet distance is assumed
to be 10a = 120 µm, which corresponds to N ≈ 3800
droplets within the disk-shaped region. The interaction
potential is then calculated by numerical integration of
the mean-field approximation (28) for U . Subsequently,
the acoustic interaction force was determined by calcu-
lating numerically minus the gradient of this U . In this
case the pair interaction potential has the strength has
the value U0 = 8.1 × 10
−20 J yielding a total interaction
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FIG. 5. (Color online) The normalized interaction potential
U/U0 (countour plot) of the acoustic interaction force F
rad
int
(arrows) in an aqueous emulsion of soybean oil droplets of ra-
dius as = 12 µm in the external standing plane wave (SPW)
defined in Eq. (18). The emulsion consists of N ≈ 3800
droplets in a cylindrical disk region of radius R = 5mm and
thickness 2as at the nodal xy-plane. Here, U0 = 0.2 fJ.
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strength of U0 = 0.2 fJ. Hence, the magnitude of the
acoustic interaction force in the short-range distance is
about U0/as = 16 pN.
In Fig. 5, we depict the normalized interaction poten-
tial U˜ = U/U0 (contour plot) and the associated acoustic
interaction force F radint (arrows) on a probe droplet placed
in the transverse xy-plane in the disk-shaped region of
source droplets. The potential U˜ exhibits concentric local
maxima and minima, with the global maximum localized
at kr = 0. Hence, microdroplets have the tendency to
move away from the central region. This is in agreement
with Eq. (31), because here (cos kR+ kR sin kR) ≈ −36.
On the other hand, the potential minima will attract the
nearby oil microdroplets. Therefore, microdroplets may
aggregate in the concentric regions of minima throughout
the emulsion. Note that the distance between to consec-
utive minima is about 10% of the incident wavelength.
Furthermore, the magnitude of the acoustic interaction
force is less than 0.02 nN.
VI. SUMMARY AND CONCLUSION
We have developed a potential theory for the acoustic
interaction forces in a collection of N suspended particles
in an ideal fluid, considering the long-wavelength limit
as ≪ λ (s = 1, 2 . . . , N). The particles were considered
to be compressible fluid or elastic solid spheres.
In our analysis, the acoustic interaction force between
two particles is expressed in terms of minus the gradient
of a pair-interaction potential. In turn, this function de-
pends on the product of the external and scattering veloc-
ity potentials. We have shown that the multi-scattering
contribution to the acoustic interaction force on a parti-
cle placed at rp is dominated by scattering waves having
undergone only a single prior scattering event due to a
source particle located at rs (s 6= p).
The investigations of the interaction between particle
pairs in a traveling or standing plane wave have shown
that the acoustic interaction forces might by attractive
or repulsive for short-range interaction. In the transverse
xy-plane to the wave propagation direction, the acoustic
force is a central force, while in in the parallel xz-plane
this does not happen. The short-range attraction or re-
pulsive roles of the acoustic interaction force are deter-
mined by the compressibility of the particles.
To address the many-particle case, we have presented
a mean-field theory based on the continuous limit of the
acoustic interaction potential. Analytical results have
been obtained for a symmetric suspension of source par-
ticles with the probe placed near the center of the sus-
pension. In general, numerical evaluation of the mean-
field expression are necessary, and as an example of this,
we studied an emulsion formed by oil droplets in water.
Under a standing plane wave, oil droplets have the ten-
dency to cluster in concentric regions on the transverse
xy-plane.
The theoretical predictions discussed in this work
might be confirmed in acoustophoresis experiments using
ultrasonic demulsification techniques [33] or by a combi-
nation of micro-particle image velocimetry [34] and fre-
quency tracking [35].
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